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Abstract 

Given any uniform domain ft, the Triebel-Lizorkin space with 0 < s < 1 and 

1 < p, g < 00 can be equipped with a norm in terms of first order differences restricted to pairs 
of points whose distance is comparable to their distance to the boundary. 

Using this new characterization, we prove a T(l)-theorem for fractional Sobolev spaces 
with 0 < s < 1 for any uniform domain and for a large family of Calderon-Zygmund operators 
in any ambient space R'* as long as sp > d. 


1 Introduction 


The aim of the present article is to find necessary and sufficient conditions on certain singular inte¬ 
gral operators to be bounded in fractional Sobolev spaces of a uniform domain P with smoothness 
0 < s < 1. However, the results are valid in that is, the so-called Triebel-Lizorkin spaces, 

when s > max|o, ^ 

Consider 0 < tr sS 1. An operator T defined for / e and x e K‘^\supp(/) as 

Tf{x)= f K{x-y)f{y)dy, 

JR'^ 


is called a convolution Calderon-Zygmund operator of order a if it is bounded on for every 

1 < p < 00 and its kernel K satisfies the size condition 


\K{x)\ ^ 



for every x 7^ 0 


and the Holder smoothness condition 


\K{x -y)- K{x)\ 


\x\d+a 


for every 0 < 2\y\ ^ |a;| 


(see Section]^ for more details). In the present article we deal with some properties of the operator 
T truncated to a domain P, defined as Ta{f) = xn T{xq /)• 

In the complex plane, for instance, the Beurling transform, which is defined as the principal 
value 


Bf(z) lim f 

TTe^oJi, 


\w—z\>e 


fjw) 

(z — w)' 


-dm{w), 
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is a convolution Calderon-Zygmund operator of any order with kernel K{z) = - 

In the article [CMOlSj . Victor Cruz, Joan Mateu and Joan Orobitg, seeking for some results 
on the Sobolev smoothness of quasiconformal mappings proved the next theorem. 

Theorem (see [CMOlSj b Let 17 c 6e a bounded (7^+® domain (i.e. a Lipschitz domain with 
parameterizations of the boundary in ) for a given e > 0, and let \ < p < co and 0 < s ^ 1 
such that sp > 2. Then any truncated Calderon-Zygmund operator Tq with smooth, homogeneous 
and even kernel is bounded in the Sobolev space IV^’P(f7) if and only ifT(xn) s IV®’^(r7). 

Later, Xavier Tolsa and the first author of the present paper, studied the case s e N, finding 
the following T{P) Theorem. 

Theorem (see [PT15| b Let 17 c be a Lipschitz domain, T a convolution Calderon-Zygmund 
operator with kernel K satisfying 

\V^K{x)\^C ^ for all 0 j n, X 7 ^ 0, 


and p > d. Then the following statements are equivalent: 

a) The truncated operator Tq^ is bounded in IT"’^(f7). 

b) For every polynomial P of degree n — 1, we have that Tq{P) e IV”’P(f7). 


Note that the kernels are not assumed to be even, and the conditions on the smoothness of the 
domain are relaxed. The authors assert that the theorem is valid even for uniform domains. 

In the present paper we study again the fractional smoothness, but we deal with the case of uni¬ 
form domains (see Section 21 for Triebel-Lizorkin spaces Ff ^ with 1 < p,q < ao, max p ~ ^ | < 
s < 1. Let us note here to nlustrate that in case q = 2 we deal with the Sobolev fractional spaces 
and in case q = p then we deal with the Besov spaces Bp^p- To avoid misunderstandings, the 
reader must be aware that the ^ spaces are called also Sobolev spaces in some books, while the 
W^’P spaces are sometimes called Bessel potential spaces. See Section for all the definitions of 
these spaces. 

Our main result is the following. 


Theorem 1.1. Let 17 c be a bounded uniform domain, T a convolution Calderon-Zygmund 
operator of order 0 < s < 1. Consider indices p,q s (1, cx)) with s > -. Then the truncated operator 
Tq is bounded in if and only if we have that 7h(l) e 


To prove this result we will need an equivalent norm for Ff The following result is not present 
in the literature in its full generality, but it is found for the Sobolev case in |Ste61| and for the 
general Triebel-Lizorkin case when s > in |Tri831 Theorem 2.5.10]. The result as stated 

below will be a corollary of some results in |Tri06j . 


Theorem 1.2 

Then, 


(see Corollary 3.5). Let l^p<cx), l^g^oo and 0 < s < 1 with s > ^ 


Fl^ = / G :\\fh.+ {\ ( f 

\ Md VJi 


I,, \x-y\-i*i “J I 


(with the usual modification for q = co), in the sense of equivalent norms. 
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The restriction s > - — - 
p q 


is sharp, as we will see in Remark 3.8 One can find some equivalent 


norms for Triebel-Lizorkin spaces in terms of differences using means on balls which avoid this 
restriction. We refer the reader to |Str67) or [Tri83l Corollary 2.5.11]. 

Given a domain and a locally integrable function /, we say that / e Fp ^{^1) if there is a 
function h e such that h\n = /jo. The norm ||/||p.s will be defined as the infimum of 

the norms (gd) for all admissible h. Our method is based on an intrinsic characterization of 

this norm, inspired by the previous theorem. We define 


ll/ll. 




:= ll/ll 


Lp{n} 



\f{x) - fiy)\‘ ‘ 
\x - 


dy ) dx 


Indeed, this norm will be equivalent to the Triebel-Lizorkin one for uniform domains: 

Theorem 1.3. Let 12 c be a bounded uniform domain, 1 < p,q < co and 0 < s < 1 with 
s > ^ ~ Then f e if and only if f e and the norms are equivalent. 

To prove this result we will use Theorem |1.2| and the following extension Theorem: 

Theorem 1.4. Let 12 c be a bounded uniform domain, 1 < p,q < co and 0 < s < 1 with 
s > ^ Then there exists a bounded operator Aq : A® ,^(12) ^ F ®such that Ao/|n = / for 
every f e 

However, in the proof of Theorem o we will make use of a functional which is closely related 
to ll-jl^s Call 6{x) = dist(x, 512). Consider the Carleson boxes (or shadows) Sh(x) := {j/ e 12 : 
\y — x\ ^ co<5(a:)} with cq > 1 to be fixed (see Section]^. Then we have the following reduction 
for the Triebel-Lizorkin norm: 


Theorem 1.5 (See Corollary 
and 0 < s < 1 with s > - — - . 


4.5 


). Let 12 c be a bounded uniform domain, \ < p < q < co 
Then f e F^ g(fl) if and only if 


ll/ll Lp(a) 



Ifjx) - /(y)l'^ 

Is - yl'^'i+d 




< 00 . 


Furthermore, the left-hand side of the inequality above is equivalent to the norm ||/||ps /ov 

^p,q\ ) 

The situation is even better when p ^ q: 

Theorem 1.6 (See Corollary 4.5 ). Let 12 c &e a bounded uniform domain, 1 < q ^ p < co, 
0 < s < 1 and 0 < p < 1. Then f e F^ ^(12) if and only if 


ll/IL 


1(1 


\f{x) - fiy)\‘^ 
I Jo I JB(a:,p5(a;)) |s— 2/]®?+^ 


dy ] dx\ < 00 . 


Furthermore, the left-hand side of the inequality above is equivalent to the norm ||/||p's (fjp 
In particular, for every l<p<oo,0<s<l and 0 < p < I, we have that 


ll/ll 




ll/ll 


Lp{a,) 


+ 


'll 


^ ^p5(x) (^) 


Ifjx) - fiy)\P 

— y\sp-\-d 


dy dx 


for all / e F®,p(12). 
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If in addition p > 2 we have that 


ll/ll 


w=.!’(n) 


ll/ll 


Lp(n) 


+ 


Id 




j^_yj2s+d y 


for all f eW^’P{n), 


and, if 1 < » < 2 with s > - — ^=, we have that 

’ ^ p 2 ’ 


ll/ll 


rv=.p(n) 


ll/ll 


Lp(a) 


+ 


Id 


Sh(a:) 


Ifjx) - /(y)!^ 

|a; — yps+d 


dy dx 


for all f eW’^’Pin). 


The plan of the paper is the following. In Section we define uniform domains in the spirit of 
[JonSl] but from a dyadic point of view and then we prove some basic properties of those domains. 
The expert reader may skip this part. Section begins with some remarks on Triebel-Lizorkin 
spaces, followed by the proof of the implicit characterization of Triebel-Lizorkin spaces given in 
Theorem |1.2[ the Extension Theorem |1.4| and, as a corollary, Theorem |1.3[ Section is devoted 
to proving Theorems |1.5 and |1.6| which are about the change of the domain of integration in the 
norm (H). Secti on |5 is the core of the paper, and it contains the proof of the T(l) Theorem 
o The key Lemma |5.6f is a discretization of the transform of a function and it is the cornerstone 
of the mentioned theorem. 

On notation: When comparing two quantities xi and X 2 that depend on some parameters 
Pi,... ,Pj we will write 

if the constant Cj,. depends on ,... ,»i.. We will also write xi <„. X 2 for short, or 

simply xi < X 2 if the dependence is clear from the context or if the constants are universal. We 
may omit some of these variables for the sake of simplicity. The notation xi . X 2 will 

mean that xi . X 2 and X 2 xi. 

Given a cube Q, we write £(Q) for its side-length. Given two cubes Q, S, we define their long 
distance as D(Q, S) = £(Q) + dist(Q, S') + ^(S). Given a real number p, we define pQ as the cube 
concentric to Q, with ratio p and faces parallel to the faces of Q. 

For any cube Q and any function /, we call fq = jg f dm to the mean of / in Q. 

Given 1 ^ p ^ oo we write p' for its Holder conjugate, that is ^ ^ = 1. 


2 On uniform domains 

There is a considerable literature on uniform domains and their properties, we refer the reader e.g. 
to [G079| and [Vai88) . 

Definition 2.1. Given a domain we say that a collection of open dyadic cubes W is a Whitney 
covering of H if they are disjoint, the union of the cubes and their boundaries is Q, there exists a 
constant Cw such that 

Cw£{Q) < dist((3,dH) ^ 4 C'w^(Q), 

two neighbor cubes Q and R (i.e., Q R ^ 0) satisfy £{Q) ^ 2£{R), and the family {SOQIgevv 
has finite superposition. Moreover, we will assume that 

S ^ £{S)^^£iQ). (2.1) 
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Figure 2.1: A Whitney decomposition of a uniform domain with and an e-admissible chain. The 
end-point cubes are colored in red and the central one in blue. 


The existence of such a covering is granted for any open set different from and in particular 
for any domain as long as Cyy is big enough (see |Ste70[ Chapter 1] for instance). 

Definition 2.2. Let LI be a domain, W a Whitney decomposition of LI and Q, S B W. Given 
M eubes Qi, ■ ■ ■ ,Qm e W with Qi = Q and Qm = S, the M-tuple (Qi, ■ ■ ■, QM)jLi G 
is a chain eonnectinq Q and S if the cubes Qj and Qi+i are neighbors for j < M. We write 
[Q, S] = (Qi,..., QM)f=i for short. 

Let £ e K. We say that the ehain [Q, S'] is £-admissible if 

• the length of the chain is bounded by 


M . 

m,S]) :=Y,eiQj) ^ -D(Q,S) 


( 2 . 2 ) 


j=i 


and there exists jg < M such that the cubes in the chain satisfy 
£{Qj) ^ sB{Qi,Qj) for all j ^ jo and £{Qj) ^ eB{Qj,QM) for all j ^ jo. (2.3) 


The jo-th cube, which we call central, satisfies that £{Qjo) '^d eD((5, S) by (2.3) and the triangle 
inequality. We will write Qs = Qjg. Note that this is an abuse of notation because the central eube 
of [Q, S] may vary for different e-admissible chains joining Q and S. 
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We write (abusing notation again) [Q, 5*] also for the set {QjjjLi- Thus, we will write P G 
[(5,5'] if P appears in a coordinate of the M-tuple [(5,5]. For any P G [(5,5] we call Af[Q^s]{P) 
to the following cube in the chain, that is, for j < M we have that J^[Q,s]iQj) = Qj+i- 
write Af{P) for short if the chain to which we are referring is clear from the context. 

Every now and then we will mention subchains. That is, for 1 ^ ji ^ ^ M, the subchain 

[Qji, Qj 2 ][Q,S] \Qi 5] is defined as ((5ji, Qji+i, ■ ■ •, Qj 2 )- will write [(5ji, < 5 ^ 2 ] */ there is no 
risk of confusion. 

Next we make some observations on the two subchains [Q,Qs] and [(5s, 5]. 

Remark 2.3. Consider a domain with covering W and two cubes Q,S eW with an e-admissible 
chain [(5,5]. From Definition \2.1^ it follows that 

D(Q, 5) i{[Q, 5]) e{Qs) ^e,d D(Q, Qs) ^e,d D(Qs, 5). (2.4) 

If P B [Q, Qs\, by we have that 


D(g,P) KP). 


(2.5) 


On the other hand, by the triangular inequality, [KM and [KM we have that 


D(P,5) <, e{[P,S]) ^ i{[Q,S]) ^ <, 


D(Q, P) + D(P, 5) ^ i£(P) + D(P, 5) 


that 


D(P,5) «e.dD(Q,5). 


( 2 . 6 ) 


Definition 2.4. We say that a domain ft a is a uniform domain if there exists a Whitney 
covering W of ft and e G K such that for any pair of cubes Q, S e W, there exists an e-admissible 


chain [Q, 5] (see Figure 2.1). Sometimes will write e-uniform domain to fix the constant e. 


Using (2.6) it is quite easy to see that a domain satisfying this definition satisfies to the one 


given by Peter Jones in [,Ton81j with 6 = co (changing the parameter e if necessary). It is somewhat 
more involved to prove the converse implication, but it can be done using the ideas of Remark 
2.3| In any case it is not transcendent for the present paper to prove this fact, which is left for the 
reader as an exercise. 

Now we can define the shadows: 


Definition 2.5. Let SI be an e-uniform domain with Whitney covering W. Given a cube P e W 
centered at xp and a real number p, the p-shadow of P is the collection of cubes 


SHp(P) = {g G W : Q c B{xp,pe{P))}, 
and its “realization” is the set 

Shp(p) = (J g 

QeSHp(P) 


(see Figure 2.2). 

By the previous remark and the properties of the Whitney covering, we can define pe > 1 such 
that the following properties hold: 


• For every P G W, we have the estimate |diam((9SI n Shp^(P))| as i{P). 

• For every e-admissible chain [g, 5], and every P G [g, g^] we have that Q G SHp^(P). 
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Figure 2.2: The shadow Shi 3 (P). 




Moreover, every cube P belonging to an e-admissible chain [Q, S'] belongs to the shadow 

SHp,(Qs). 


Note that the first property comes straight from the properties of the Whitney covering, while 
the second is a consequence of ( |2.5| ) and the third holds because every cube P contained in the 
chain [Q,S] satisfies D{P,Qs) S]) D((3,S) £(Qs) by ^2A). 


Remark 2.6. Given an e-uniform domain we will write Sh for Shp^. We will write also SH 
forSUp^. 

For Q e yV and s > 0, we have that 


L:QeSH(i) 


and, moreover, if Q £ SH(P), then 

Y, i{Ly < e{py and 

Le[Q,P] 


Le[Q,P] 


(2.7) 


( 2 . 8 ) 


Proof. Considering the definition of shadow we can deduce that there is a bounded number of 
cubes with given side-length in the left-hand side of (2.7) and, therefore, the sum is a geometric 


sum. Again by the definition of shadow we know that the smaller cube in that sum has side-length 
comparable to i{Q). 

To prove (2.8), first note that i{Qp) « D{Q,P) « £(P) by (2.4) and Definition 2.5 For 
every L e [Q,P], although it may occur that L ^ SH(P), we still have that by the triangle 
inequality D(L, P) < £{[Q,P]) as D(Q,P) and, thus, by the definition of shadow we have that 
D(L,P) <£(P),i.e. 

D(L,P)^£(P). (2.9) 


When Le [Q,Qp], (2.5) reads as 


e{L)^D{Q,L), 


and when L e [Qp,P] by (2.5) and (2.9), we have that 


£(L)«D(P,P)«£(P). 
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In particular, the number of cubes in [Qp,P] is uniformly bounded. Summing up, for L e [Q,P] 
we have that £(Q) < £(L) < £(P) and all the cubes of a given side-length r contained in [Q,P] 
are situated at a distance from Q bounded by Cr, so the number of those cubes is uniformly 
bounded. Therefore, the left-hand side of both inequalities in (2.81 are geometric sums, bounded 
by a constant times the bigger term. The constant depends on s, but also on the uniformity 
constant of the domain. □ 


We recall the definition of the non-centered Hardy-Littlewood maximal operator. Given / e 
and x e we define Mf{x) as the supremum of the mean of / in cubes containing x, 

that is, 

Mf{x) = sup r f{y) dy. 

Q\xeQ |W| JQ 

It is a well known fact that this operator is bounded in for 1 < p < cx). The following lemma is 
proven in |PT15| and will be used repeatedly along the proofs contained in the present text. 

Lemma 2.7. Let Ll be a bounded uniform domain with an admissible Whitney covering W. Assume 
that g e L^(n) and r > 0. For every rj > 0, Q e W and x e we have 


1) The non-local inequality for the maximal operator 


r 9{y) dy ^ Mg{x) 

J\y-.\>r \y - 


and 


S:D(Q,S)>r 


9{y) dy 
D{Q,SY+'i 




infyeQ Mg{y) 
r'n 


( 2 . 10 ) 


2) The local inequality for the maximal operator 

9{y) dy 


J 


l\y-x\<r \y-x\‘^ 

3) In particular we have 

and, by Definition\2.5l 


< 


d r^Mg{x) and 




SeW 


£{SY 


S:D(Q,S)<r 




D{Q,SY-u y^Q 


I3{Q,SY+v £{QY 


( 2 . 11 ) 

( 2 . 12 ) 


V { g{x)dx <d,p vaI Mg{y)£{QY. 


3 Fractional Sobolev spaces 


First we recall some results on Triebel-Lizorkin spaces. We refer the reader to |Tri83| . 

Definition 3.1. Let ^(K^^) be the collection of all the families of smooth functions 'k = {iljj}Y=o 
C'®(K‘^) such that 

( suppV'o c D(0,2), 

I supp V', cz D(0,2^+i)\D(0,2^-1) tfj > 1, 
for every multiindex a G there exists a constant Ca such that 


\\D^Y 


3 Iloo 




2fl“l 


for every j > 0 
















and 


00 

tpj{x) = 1 for every a; e 

j = 0 


We will use the classical notation / for the Fourier transform of a given Schwartz function, 

m=\ 


and / will denote its inverse. It is well known that the Fourier transform can be extended to the 
whole space of tempered distributions by duality and it induces an isometry in (see for example 
|Gra08l Chapter 2]). 

Definition 3.2. Let seK, l^p^cx), and dt e For any tempered distribution 

f e we define its non-homogeneous Besov norm 


ll/ll 






and we call ^ ez S' to the set of tempered distributions such that this norm is finite. 

Let sgM, 1^p<oo, l^g^oo and e For any tempered distribution f e S'(R‘^) we 

define its non-homogeneous Triebel-Lizorkin norm 


ll/ll 






Lp 


and we call Fp ^ cz S' to the set of tempered distributions such that this norm is finite. 

These norms are equivalent for different choices of Of course we will omit in our notation 
since it plays no role (see |Tri83l Section 2.3]). 


Remark 3.3. For q = 2 and 1 < p < co the spaces Fp 2 coincide with the so-called Bessel-potential 
spaces In addition, if s e N they coincide with the usual Sobolev spaces of functions in L^ 

with weak derivatives up to order s in L^, and they coincide with L^ for s = 0 ffTriStA Section 
2.5.6]). In the present text, we call Sobolev space to any with s > 0 and 1 < p < co, even 
if s is not a natural number. Note that complex interpolation between Sobolev spaces is a Sobolev 
space (see lTri78\ Section 2.4.2, Theorem 1]). 


To use the Sobolev embedding for Triebel-Lizorkin spaces, we will use the following proposition. 


Proposition 3.4 (See [Tri831 Section 2.3.2].). Let 1 ^ g ^ cx) and l^p<oo, seK and e > 0. 
Then 




(3.1) 


Next we will prove Theorem 1.2 Let us write Aj^f{x) := f{x-\-h)—f{x) and, if M G M with M > 


1 we dehne the M-th iterated difference as A^/(x) := A^(A^ ^/)(^) = Zij=o (j V(^ + 

jh). Given / G an index 0 < u ^ oo and t G M, we write 


dffufix) ■■= 


1 



with the usual modification for u = co. In [TriOBl Theorem 1.116] we find the following result. 
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Theorem (See |Tri06) .(l. Given l^r^oo, 0<M^r, l^p<oo, l^g^oo and 0 < s < M 
min{p,q} - ^ < s, we have that 



^ / e : ll/lli, + 




< 00 > 


(with the usual modification for q = co), in the sense of equivalent quasinorms. 


As an immediate consequence of this result, we get the following corollary. 
Corollary 3.5. Let 1 ^ p < co, 1 ^ q ^ co and 0 < s < 1 ^ M with s > ^ Then 



(with the usual modification for q = co), in the sense of equivalent norms. 

Proof. Let / e Choosing q = u = r all the conditions in the theorem above are satisfied. 

Therefore, 


ll/ll 






ffi dt 1 dx 

tsq+l 


(3.2) 


1 . 

Since d^gf{x) = (t~‘^ \A)f f{x)\'^ dh^ for x G we can change the order of integration to 


get that 


.f i\ 

JR'i \Jo 




fsq+1 


dt ] dx = 


.f i\ \ 

jR'i yj|/tisgi Ji 

J (I 

jR'i \J\h 


dt 




l^hfixWdh] dx 


|Af/(x)|« 


1 


sq + d 

This shows that ||/||^s (Rd) ^ ||/|Ia'> (R'^) that 


1 ] dh \ dx. 


f (f 

JR-i \j\h\<( 


Af/(x)|^ 

\h\sq+d 


dh ] dx < 


r 

Jr'* l Jo T 


fsq+l I WF- 


(3.3) 


by (3.2). It remains to see that dh'j ’ dx < ||/||^= _^(Rd)- Using appropriate 

changes of variables and the triangle inequality, it is enough to check that 

i/(i + d)i« 


J 


(1 + \h\y‘i+d- 


dh] dx< \\ffp„ ,jjd). (3.4) 


Let us assume first that p ^ q. Then, since the measure (1 + |/i|) (*9+^^) dh is finite, we may 
apply Jensen’s inequality to the inner integral, and then Fubini to obtain 


I 

JRd jRd 


\f{d^ + h)\P 
(1 + \h\yp+d 


dhdx < ll/llip, 
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and (3.4) follows. 

If, instead, p < q, cover with disjoint cubes Qj = Qo + ij for j e Fix the side-length £ 
of these cubes so that their diameter is 1/3. By the subadditivity of a; have that 




1 /( 2 /)!'^ 


I Jq, {1 + \x - viyo+d 


dyj IfivWdyj ^ 


(l+|j_fc|)«P+T 




Since s + ^ the last sum is finite and does not depend on j. By (|3.3|) we have that 


7 \ 


'dy] < 


J 


\f{y)-fixWdy'^ dx + ?!.. (i, \f{x)\‘^dy^ dx 


P 

In the last step we have used that \ f{x)\‘^ dy'j “ dx ^ II/IIlp because all the cubes have 

side-length comparable to 1, and the fact that s < 1 to use first order differences in ||/||^s (gd). □ 


Definition 3.6. Let be a Banach space of measurable functions in K'^. Let 1/ c 6e a 

open set. Then for every measurable function f : U —>■ C we define 

Next we introduce a norm which will be the main tool for the proofs in this paper. 

Definition 3.7. Consider 1 ^ p < co, l^a^cx) and 0 < s < 1 with s > - — Let U be an 
open set in M'^. IFe say that a locally integrable function f e ^(U) if 
• The function f e LP{U), and 


• the seminorm 


is finite. 





k — J 



(3.5) 


IFe define the norm 

Wfhpiu) + ll/lldj_,(;7)- 

In some situations, the classical Besov spaces Bpp{U) = App{U) and the fractional Sobolev 
spaces W^’'P{U) = A^ 2 (.U). For instance, when 17 is a Lipschitz domain then A^ 2 (P‘) = IF'*’P(I7) 
(see [Str67| l. We will see that this is a property of all uniform domains. 

Remark 3.8. The condition p~ q ensures that the -functions are in the class Apg(K‘^). 
Proof. Indeed, given a bump function (p e C® (D), 




(H'i) 


> 



|y>(a:) - tp(y)|‘? 
\x - 




1. 

P 


IvidW dyj 


1 



which is finite if and only if ^ < s -I- ^. 


The converse implication is an exercise. 


□ 
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Consider a given e-uniform domain fl. In |,Ton81| Peter Jones defines an extension operator 
Aq : ^ for 1 < p < GO, that is, a bounded operator such that Ao/|n = /|n for 

every / e This extension operator is used to prove that the intrinsic characterization of 

W^'^{Vt) given by 

ll/llivi.P(a) ll/llLP(n) + ll^/llLP(n) 


is equivalent to the restriction norm. 

Next we will see that the same operator is an extension operator for Ap for 0 < s < 1 
with s > f To define it we need a Whitney covering Wi of ft (see Definition 2.1), a Whitney 
covering >V 2 of and we define W 3 to be the collection of cubes in W 2 with side- lengths small 
enough, so that for any Q e W 3 there is a S' G Wi with D((5, S) ^ C£(Q) and i{Q) = £{S) (see 
|Jon811 Lemma 2.4]). We define the symmetrized cube Q* as one of the cubes satisfying these 
properties. Note that the number of possible choices for Q* is uniformly bounded and, if D is an 
unbounded uniform domain, then 

W 2 = W 3 . (3.6) 


Lemma 3.9. [see UonSlf l For cubes Qi, Q 2 e W 3 o-nd S G Wi we have that 


• The symmetrized cubes have finite overlapping: there exists a constant C depending on the 
parameter e and the dimension d such that G bV 3 : Q* = S} ^ C. 


• The long distance is invariant in the following sense: 


D(g^,Q|) ^ D(gi,Q 2 ) and D(Q]=, S) ^ D(Qi, S) (3.7) 


In particular, if Qi r) 2 Q 2 A 0 (Qi and Q 2 are neighbors by { 2 . 1 )), t/ien D((5*, Q 2 ) ^(Qi)- 


We define the family of bump functions {V'q}q€W 2 to be a partition of the unity associated to 
{]^( 5 }ggyy 2 5 that is, theu sum XiV'Q = 1 ; they satisfy the pointwise inequalities 0 ^ ipQ < 
and IIVi/'qIIqc ^ define the operator 


^of{x) = f{x)xn{x) + Yi for any / G 

QeWs 


(recall that fu stands for the mean of a function / in a set U). This function is defined almost 
everywhere because the boundary of the domain D has zero Lebesgue measure (see |Jon81l Lemma 
2.3]). 

Lemma 3.10. Let fl be a uniform domain, let 1 < p,q < co and 0 < s < 1 with s > f ~ 
Then, Aq : A[ ^{Ll) is an extension operator. Furthermore, Aq/ g for every 

Proof. We have to check that 


IIAo/ll. 


- I|Ao/IIlp + 


1 (I 

. Js-i \Jb' 


\Aof{x) - Aq f{y)\‘i 


dy] dx] < II/II 24 , 




\x-y\^i+‘i 

First, note that ||Ao/||^p ^ ll/llLp(a) + l|Ao/llLP(n‘:)- Jensen’s inequality, we have that 


Ao/Hip(np)^P E E 

QeWa \ o 


QeWa 
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By the finite overlapping of the symmetrized cubes, 




^ ll/ll 


p 

Lp(n)' 


The same can be said about L'^ when q > p. In that case, moreover, one can cover 17 with balls 
{Bj}j^j with radius one such that \Bj n f7| « 1. Then, using the subadditivity of x |x|« we get 



< 


Id 


\f{x) - fiy)\’> 
\x - 


dy 


dx + ll/lliP(o) 


II/IIa, 


,(n)> 


by Definition 3.7 


It remains to check that 


l|Ao/l 


I u 

, JR'* \JR<i 


|Ao/(x) - Ao/(?/)|« 


■—y \ s, ir —dy} dx ^ll/ldj„(0)- 


More precisely, we will prove that 


@ + @ + © < ll/ll 




where 


©-J (i 


oc ix-yl^9+^ 

JAo/(x) - Ao/(?/)|« 

Q‘= 


\x - yY<i+<^ 


dy ) dx, (d) := 
dy I dx. 


|Ao/(x) - f{y) \'i 
\x - y\^<i+<^ 


dy ) dx and 


Let us begin with 


®^I(I 


Ifjx) -T^S€W 3 ^s{y)fs*\’^ 

\x - 


dy ) dx. 


Call W 4 := {S e : all the neighbors of S are in W 3 }. Given y e ^S, where S e yV 4 , we have 
that I]pgW3 tpp{y) = 1 and, otherwise 0^1- fpp{y) < 1- Thus 


ra)< 




\fix) - fs*\ 


i’siy) 

Js 


dy dx 


ofetdo Vstt, !)(«.»)•«'' Js 

, ^ r / ^ r l(i ~Zipews/( 2 ;)| 


QeWi-^Q \S€W2\W4'^10'^ 


D(Q, 5')'*'?+'^ 


dy \ dx =: fal) + (a2j. 
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In (a^ by the choice of the symmetrized cube we have that ^^gijjs{y) dy « £{S*)‘^. Jensen’s 
inequality implies that |/(x) — fs*\’^ < l/(^) ~ fiOl'^d^. By (3.7) and the finite over¬ 

lapping of the symmetrized cubes, we get that 


al < 


S f (s f 

QeWi •'Q \SeW3 ‘ 




To bound (S) just note that for Q e Wi and S G yV 2 \W 4 , we have that S is far from the 
boundary, say £{S) ^ ip, wh ere £0 depends only on diam(r2) and e and, if fl is unbounded, then 
£0 = CO and (^a^ = 0 by (3.6). Thus, we have that 


a 2 )< y f I y r 


dy\ dx< i 2 


£{sy 


, SeW2\W4 




WfWl.- 


Recall that Whitney cubes have side-length equivalent to their distance to d£l. Moreover, the 
number of cubes of a given side-length bigger than £0 is uniformly bounded when Q is bounded, 

so I]seW 2 \W 4 i{syi+'i ^ geometric sum. Therefore, 


a 2 < 




1 




ii/iiy <c,,diam(n)y*"ii/iiy. 


,^S€W2\W4 

Next, note that, using the same decomposition as above, we have that 


®y (j 


liQeWa '^QiAfQ* - fiy)\‘^ ^ 'W 
a |x-2/|«9+^ V 


< 


2 f ^Qix)Pdx(Y, f 

QeWa'^loQ \ 


SeWi ' 


IfQ^-fiyA 

S B{Q,Sr^+d 


dy 


+ 


E f E ^qA)] f E f 

lA? \1A? JP \ /Oz-^A?- / V 


\fiyA 


PeW2\W4 


QeWa 


SeWi ' 


5 D(p, syi+‘^ 


dy\ =:(bl) + (b 2 ). 


We have that 


bl < 


E mr ( E f 

\ 5gvy^ JS 


QeWa 


{liW^Q* \fiO-f{y) \ d^) 


dy 


and, thus, by Minkowsky’s integral inequality (see |Ste70l Appendix Al]), we have that 


i: 


mr 




IfiO-fivA 


dy\ . 


Q^a VQ 

By Holder’s inequality and the finite overlapping of symmetrized cubes, we get that 


bl) < y _^_I (I ~ 

^ ^ Jq* Ua IC - yA^'^ 




14 






















that is, 


ll/ll 


P 


To bound (b^, note that as before, if is unbounded, then (b^ = 0 and, otherwise, we have that 


A, VIA, VseVVi-^^ 


Q€W2\W4 






mr 


Q€W 2 \W 4 dist(( 5 , 1 


Now, since s > - — - we have that sp —- > d. Therefore, 

’ P Q ^ Q ’ 


E 


eiQY 


E 


Q€W 2 \W 4 dist((5, 9 QeWatWi 






e:,diam(r2)^0 


On the other hand, if fl is bounded and q ^ p, then ||/||^,(q) ^ ll/llLp(n) t>y the Holder inequality 
and, ifp < g, then ||/||^,(n) < ll/llAj „(n) by 
Let us focus on Q. We have that 


©d„XI 


I lipeWa Yp{x)fp* - liseWa Ys{y)fs* 1'^ 

\x - 


dy ) dx. 


Given x e where Q e W4, and j/ e n H(a;, then neither x nor y are in the support of 
any bump function of a cube in yV’ 2 \W 3 , so XipeWa Ypiv) = 1 XipeWa Ypix) = 1. Therefore 

E Yp{x)fp* - X! Ys{y)fs* = E E Yp{x)Ys{y){fp*-fs*)- 

PeWi SeWa Pr,2Q^0 SeWi 

If, moreover, y e B [x, ^i{Q)), since the points are ‘close’ to each other, we will use the Holder 
regularity of the bump functions, so we write 

E Yp{x)fp*- ^ Ys{y)fs* = E iYp{x) - Yp{y)) fp*- 

PeWi SeWa PeWa 

This decomposition is still valid if Q e >V 2 \W 4 and y e B {x, that is, y e B (a;, j^), but 

we will treat this case apart since we lose the cancellation of the sums of bump functions but we 
gain a uniform lower bound on the side-lengths of the cubes involved. Finally, we will group the 
remaining cases, when x G fl'” and y ^ B{x, in an error term. Considering all these facts we get 


©s E L([ 

E f (\ 

"'=W4‘^Q 

2 ,„ L (L 


E E \Ypix)'iPs{y)\ 


geWa^Q Vdf2©B(a:.ra^(Q)) Pn2Q^0 SeW: 

I Ii5n2Q#0 iYsjx) - ^sjy)) fs* Y 

Qtwi-^Q VB{x,^iiQ)) \x-y\^i+^ 

I T.S€Wr.Sn2Q^0 iYsix) “ Ysiy)) fs* Y 


QeW2\W4.'^Q \-^b{x,^) y\ 

|Ao/(x) - Ao/(?/)|« 


dy ) dx 

dy dx 


L I 


= : (cl) + (c2) + -f (5), 


dy \ dx 
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where the last two terms vanish in case 17 is bounded. 

Using the same arguments as in and (b^ we have that 


ll/ll 


p 

MJny 


Also combining the arguments used to bound (a 2 ) and (b 2 ) we get that if 17 is bounded, then 




~ (ll/llLp(n) + 11/11^9(0)) > 

and it vanishes otherwise. 

The novelty comes from the fact that we are integrating in 17° both terms in (Q, so the 
variables in the integrals (c^ and (c^ can get as close as one can imagine. Here we need to use 
the smoothness of the bump functions, but also the smoothness of / itself. The trick for is 
to use that {i/jq} is a partition of the unity with tpq supported in ^Q, that is, XiseWa = 

'Lsr, 2 Q ^0 '^s{x) = 1 if a; e with Q e W 4 . Thus, 


c 2 = 


2 I (I 


QeWi'^Q ^’ 10^(Q)) 


I TiSn2Q^0 i'Psjx) - 'tpsjy)) {fs* " /q*) \‘^ 

|x^-J/|«9+d 


dy dx, 


and using the fact that HVi/'qIIqc ^ and ( 2 . 11 ), we have that 

\x-y\‘^ 


c 2 <„ 


<„ 


zi [ ( Yi \fs* - /Q*r [ ^ 

QeW4''Q \Sn2Q#0 


V ( ^Sn2Q^0\fs* fq* 


QeWi 


E ^(< 3 )“ ( S 


dy dx 


QeWi 


\Sn2Q^0 


I/ 5 * - /q* ” 


which can be bounded as (c^. 

Finally, we bound the error term (c^, assuming 17 to be a bounded domain. Here we cannot 
use the cancellation of the partition of the unity anymore. Instead, we will use the norm of /, 
the Holder regularity of the bump functions and the fact that all the cubes considered are roughly 
of the same size: 


c3 = 


, 2 ,„ I (L 


I TiSr^2Q^0 iYsix) - ^psiy)) fs* 1'^ 


Q€W2\W4‘^‘3 

1 1 


dy dx 


S E [ E I**!" f 

QeW2 •^‘3 SeWa ' 


eo^e(Q)^2eo Sn2Q#0 






Yi il/ili,p(s*) ~ ii/ii 

SeWo 


p 

LP(Xl)- 


□ 
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Corollary 3.11. Let LI be a uniform domain with an admissible Whitney covering W. Given 
1 < p < CO, 1 < q < CO and 0 < s < 1 with s > ^ we have that A® ^(n) = and 


II/IIf. (O) « II/IIa. (H) /oran/eF®,(n). 


Proof. By Corollary 3.5 given / e F®^(n) we have that 


ll/l 


inf 


,NI 


A” (n) ^ ^ , IIS'IIa'’ (R'i) ^ II^IIf'’ (R'i) — II/IIf= (O)- 


By the Lemma 3.10 we have the converse. Given f e ^(n) we have that 


□ 


4 Equivalent norms with reduction of the integration do¬ 
main. 

Next we present an equivalent norm for in terms of differences but reducing the domain 

of integration of the inner variable to the shadow of the outer variable in the seminorm || • || 


defined in (3.5). 


Lemma 4.1. Let LI be a uniform domain with an admissible Whitney covering W, let 1 < p,q < co 


and 0 < s < 1 with s > f ~ Then, f e Fp ,j(Ll) if and only if 


ll/ll 




= ll/ll 


Lp(n) 


+ 


2,1 (I 


. QeW 


\f{x) - f{y)\’i 

qIJsmq) |x- 2 /|® 9 +^ 


dy ] dx \ < 00 . 


(4.1) 


This quantity defines a norm which is equivalent to ||/||^s and, moreover, we have that f 

Lmax{p.g}('^^^ 


Proof. Let LI be an e-uniform domain. Recall that in (3.5) we defined 


ll/ll 


m 


\fix) - fiy)\‘> 


dy ) dx 


Trivially 


ll/ll 


> 




a \x-y\^^+<i 

\f{x) - /(2/)|« 




dy dx. 


To prove the converse inequality, we will use the seminorm in the duality form 

\f{x) - f{y)\ 


II/IIa'> (Q) = sup 


JJ 

1 Jn Jf 


o \x — y\^'^‘i 


-gix,y) dydx. 


(4.2) 


Let g > 0 be an L]^^ function with \g\ lp'{L i'(Q.)) ^ Since the shadow of every cube Q contains 
2Q, we just use Holder’s inequality to find that 




\fix) - f{y)\ 


\fix) - f{y)\'^ 


QeW 


g{x,y)dydx^ i Y, ( 7 , w ' 

qJ2Q |a;-y|®+‘! \q^-^Jq\J2Q F - 2/| 


(4.3) 
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Therefore, we only need to prove the estimate 


Sj J 


\f{x) - fiy)\ 

^JqJs\2 Q \x-y\^+^ 




li X e Q, y e S\2Q, then \x — y\ « D((5, S), so we can write 




Ifjx) - fiy)\ 

sJqJs\ 2 Q 


g{x,y)dydx <Yj f f - ^j^9{x,y) dy dx. (4.5) 

^sJqJs D(Q,5)*+« 


Since fi is a uniform domain, for every pair of cubes Q and S in this sum, there exists an admissible 
chain [Q, S'] joining them. Thus, writing /g = j-g f dm for the mean of / in Q, the right-hand side 
of (4.5) can be split as follows: 

\f{x) - f{y)\ 


Sj I 

g 5 JQ Ji 


:"sJqJs D(Q,S)^+^ 


9{x,y) dydx ^ 


SJJ. 

^ig is 

io is 


l/W - /qI 

^5-^Q-^sD(Q,S)^+i 

I/q - /q 


I/qs - fiy)\ 

D(Q,S)*+f 

= :@ + @ + @. 


9{x,y) dydx 
9ix,y) dydx 


9{x,y) dydx 


(4.6) 


Note that the definition of Qs depends on the chosen chain. 

The first term can be immediately bounded by the Cauchy-Schwarz inequality. Namely, writing 
G{x) = ||5(a::, •)llL<;'(n)> ^y (2.12) we have that 


Zl f 1/(2 ;)-/q|(Z [ 9 i.x,yy' 

Ocw VSeW 

Sq \fix) - fQ\G{x)dx 


dy 


QeW-^Q 

z 


i{sy 

D(g:^^ 


z 


dx 


QeW 


my 


By Jensen’s inequality, |/(x) - /g| ^ Ig \ f{x) - f{y)\'^ dy'j “ and thus, since e(Q) >d \x - y\ 

for x,y B Q, we have that 


®s(s L(J 

\Jc 


\f{x) - f{y)y 


dy] dx] ||G||^p-. 


(4.7) 


Since ||G||j;^p' = < 1, this finishes this part. 

For the second one, for all cubes Q and S we consider the subchain [Q, Qs) c [Q, S]. Then 


2 K 


n c i^ 


9{x,y) 


g^sJg Js D(g, S)® 9 Pe[Q,Qs) 


dy dx Z \fp-f^f{p)\■ 
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Recall that all the cubes P e [Q, Qs] contain Q in their shadow and the properties of the Whitney 
covering grant that JV{P) c 5P. Moreover, by (2.6) we have that D{Q, S) as D(P, S). Thus, 

( 2 )<dX// IfiO-fiOldCd^ E f E f dydx 


and, using Holder’s inequality and (2.12), we have that 

i \fio-m\dcd^ E {{{gi^^vY'dy 

p JpJbP Q6SH(P) 

pJPJ5P 


i{sy 


E 


dx 


QeSH(P) • 


By ( 2.1l[ ) we have that G{x) dx <d,s infyep MG{y)i{PY, so 

CD ^ E £ i/(^) - /(C)I dCMG{0 

\f{0-f{0Vdi^'l{P)iMG{0d^ 


m 


d-\-s 


Note that for ^,C e 5P, we have that <d (-{P)- Thus, using Holder’s inequality again and 

the fact that ||MG||pp' <p ||G||pp' ^ 1, we bound the second term by 


9 i<V r ({ 

^^JpUsp 


dC MG{Od^< 


sLd 


1/(6-/(C)l^ 
5P ie-ch«+'' 


dc di 


(4.8) 


Now we face the boundedness of 


c 


I/Qs - /(d)I 

D(Q,,5)*+t 


9{x,y) dydx. 


Given two cubes Q and S, we have that for every admissible chain [Q, S'] the cubes Q,S e SH((35) 
by Definition 2.4 and T){Q,S) as £{Qs) by (2.4). Thus, we can reorder the sum, writing 


< 


< 


? SJJ. 


I/p - /(d)I 


p Q€SH(p) S€SH(p) £iRy^ ” 

1/(6-/(d) I 


?L 2JJ, 


P QeSH(P) S€SH(P) 


Q Js £(P)®+(^+ 6 '^ 


■gix, y) dy dx 

9{x,y) dydxdy 


(4.9) 


Using Holder’s inequality, Lemma 2.7 and the fact that for S G SH(P) one has £{R) as D(S, P), 
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we get that 


< 


< 


< 




1 _i_ 

Z1 [ 2 (f l/(^) “ (f 9 ix,yy'dy] dxd^ 

GU/E>\‘^Q Cz^G-H-/-D\ S / 


QeSH(_R) SeSH(fl) 


^-L £(i?)®+^+5)‘^ \^Jsh(fl) 


I^(f IfiO-fiyWdy] 2 f 

9/ \jSh(R) j /O^OTJ/ D^ «^Q 


dx d^ 


?l(I 


1/(6-/(y)l^ 

R I Jsh(_R) 


dy 


i{Ry 


QeSII(R) • 




and, using the Holder inequality again and the boundedness of the maximal operator in , we 
get 


< 


< 


V f [ f 1/(6-/(y)!^ 
VshCi?) \^-y\^‘>+‘^ 


?L(I 


1 /(6-/(6I^ 

R I Jsh(_R) 1^ ~ y|s9+d 


dy] dd \\MG\\^,, 


dy di 


Thus, by (4.6), (4.7), (4.8) and (4.10), we have that 


(4.10) 




1/(6 - f{v)\ 

-‘sdQds D(Q, ,5)^+1 


9{x,y) dydx < 


y f / r 1/(6-/(6i^ 

VJsh(ii) 1 ^- 91 ^“+^ 


dy d^ 


This fact, together with ( |4.5| ) proves ( |4.4[ ) and thus, using ( |4.2[ ) and ( |4.3[ ), we get that 

Il/I 6 j (n) ^e,s,p,q,d UWa-JQ)- 


Finally, by (3.8) we have that / e 


□ 


Remark 4.2. Note that we have proven that the homogeneous seminorms are equivalent, that is, 

1/(6 - /( 6 I '^ 


SX I 


QeW 


Q \Jsh(Q) F 


dy ] dx ^ ||/|F , ., 

.y\sq+d y\ 


which improves (4-1) ■ 

In some situations we can refine Lemma l4.1 


Lemma 4.3. Let LI be a uniform domain with an admissible Whitney covering W, let 1 < q ^ 
p < CO and max |^ — ^,o|<s<l. Then, f e if and only if 


ll/ll 


Lp(a) 


L J (I 


\QeW 


1/(6 - /( 6 I ' ^ 
qVJsq \x-y\^<i+^ 


dy] dx ] <00. 


Furthermore, this quantity defines a norm which is equivalent to ||/| 6 a (q). 
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Proof. Arguing as before by duality, we consider a function g > 0 with \\g\\Lp'(^g'( q)) < 1- Com¬ 
bining (4.7) and (4.8) we know that 


Si I 


Ifjx) - fQs 

and, thus, we have 


-gix,y)dydx < 


(I 




sj J 

/o c JQ J S 


\f{x) - fiy)\ 


q^sJqJs B{Q,sy+‘i 
where 

I/qs - fiy)\ 




qVJsq \x-y\^'}+d 


\f^^)-f(y)\‘‘dyydxy+®. (4.11) 


-Sj J 


^sJqJs BiQ,sy+-^ 


g{x,y)dydx<y V 

E? c^otT/ D^ *jO S 


Hr - fiy)\ 

R Q,SeSH{R.)-^Q €(7?)®"'"? 


gix^y) dydx 


by (4.9). 


Using Holder’s inequality and Lemma [277| we get that 
1 


< 


2 

R 


m 




2 f IfR-fiy^dy 

SeSH(fl) 


r G{x) dx 

QeSH(fl) 


^ E ( E [ l/« - fiyWdy 

R \SeSH(R)dS 


lj,MG{Od^ 


and, using the Holder inequality again, we get 

E ( E f l/fl - fivWdy 

R \SeSH.{R)dS 


£{Ry 
e{Ryp+^ 


\\MG\\ 


Lp ■ 


By the boundedness of the maximal operator in Rp we have that ||MG'||j;^p' < 1. Now, given 
R, S e W there exists an admissible chain [S', i?], and we can decompose the previous expression 
as 


< 


Ef E 

R \S€SH(fl) 


E ifP - fj^(P)) 


£{py 


Pe[S,R) 


i{py 


£{sy £{Ry-^P-^-p (4.12) 


p 

21 E f i/s-/(y)rrf2/i £{Rr-^^-'^" =:(yy+yy, 

R \s^SH(R)dS J W W 


where we wrote [S,R) = [S, 
Using Holder’s inequality 


3.i>E E E 


R \SeSIl{R) Pe[S,R) 


I/p - fM{P)\‘^ 

£{py 


2 ^(p)'^l ^(5)"| m 

.Pe[S,R) 


d—sp—d^ 
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But for S G SH(i?) by Remark 


2.6 


we have that 2 ]pg [5 ^ ^{R) " • Moreover, by (2.9) 


there exists a ratio p 2 such that for P G [5, R] we have that S G SH'^(P) := SHp 2 (R) and 
P G SH^(i?). We also know that ~ (-{PY, so writing Up for the union of the 

neighbors of P, we get 


(^<y ( y ^ 

'yyf{o-fp\dy 

yy -- 2 j 1 2 j 

R \PeSH2(P) 

£{py 


£{R) 


d+^-sp- 




Recall that p ^ q and, therefore, by Holder’s inequality and (2.7) we have that 

fi--)- 

V p / g 


R PeSH2(i?) 


{lu.ifio - fp\d^y Kpy 


£{py 


2 Ypy 

, PeSH 2 (p) 


' q' q 


< 




{lu.ifio-fpidy'iipy 


p Ypn 

Using Jensen’s inequality we get 


2 

P:P€SH2(P) P 


£{Ry 

{fu,\fiO-fp\dcy£{py 


£{P) 


sp 



\fio-fpy 

£(^p)sp 


(4.13) 


and Jensen’s inequality again leads to 


3.1 < 


( Ipifio-ficwdc y 1 f ypifio-fioydc 


p JUp 


£{py 


£{P) 


^Jp 




dy (4.14) 


To bound follow the same scheme. Since p ^ q we have that 


y 2 i 


3.2)=^ I 2. I \fs-fiyWdy^S^y^\ £{rY-^^-^^^ 

pUsh(p)Js £{sYy-y 


Gg I/s - f{y)ydy) 


3.. E 
E \ p g 


? LeS^CP) £isYY^-Y 


2] £{SY I £{rY-^p-‘^^ 


. 5eSH(i?) 


and, since Xi 5 eSH(i?) ^ reordering and using (2.71 we get that 


fivWdy)^ ^ , ._sp fls\fs-f{y)\'^dyy £{SY 

— 2. ^2.1- J(sy - ) J(sy 


s £{S)Yq l) P:SeSH(P) S '' 

Thus, by Jensen’s inequality, 

is l /g - fjyWdy £{SY 

£{SY £{syp 


3.2) <2^ 
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and, arguing as in (4.13), we get that 




(4.15) 


Thus, by (4.11), (4.12), (4.14) and (4.15), we have that 




Ifjx) - fiy)\ 

("sJqJs D(Q,^)*+f 


gix,y) dydx 


< 


Vr 


I 




VJsVJss k-?/!*«+'' 


dy d^ 


This fact, together with (|4.2[), (4.3) and (4.5) finishes the proof of Lemma 4.3 


□ 


Remark 4.4. An analogous result to Lemma 4-3 for Besov spaces can be found in \Dyd06[ 
Proposition 5] where it is stated in the case of Lipsehitz domains. 

Corollary 4.5. Let LI be a uniform domain. Let d{x) := dist(x, dLl) for every x e C. 

Given \ < p < q < co and 0 < s < 1 with s > f we have that and, 

moreover, for pi > 1 big enough, we have that 


ll/ll 




ll/ll 


Lp{n) 


+ 


Id 




Ifjx) - f{y)\‘^ 

— y\sq+d 


dy dx 


for all f e Fp ,j{n). 


Given 1 < q ^ p < co and 0 < s < 1, we have that A^ ^{Lt) = F^^(Ll) and, moreover, for 
0 < po < 1 we have that 


ll/ll 




ll/ll 


LP(Q) 


+ 


Id 


\f{x) - f{y)\'^ 


dy dx 


for all f e Ff JLl). 


Proof. This comes straight forward from Corollary |3.Ill Lemma [4T] and Lemma [T3l taking smaller 
cubes in the Whitney covering if necessary when pg << 1. □ 


5 C alder on-Zygmund operators 

Definition 5.1. We say that a measurable function K e L)g^(]R'^\{0}) is an admissible convolution 
Calderon-Zygmund kernel of order cr ^ 1 if it satisfies the size condition 

l^(a;)| < ^ for X 1^0, (5.1) 

and the Holder smoothness condition 

\K{x-y) -K{x)\ ^ V 0 < 2|j/| < |a:|, (5.2) 

for a positive constant Ck cmd that kernel can be extended to a eonvolution with a tempered 
distribution Wk in in the sense that for every Schwartz functions f,geS with supp(/) n 
supp(p) = 0, one has 

(WK*f,g}=\ K{x){f_* g){x)dx. (5.3) 
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Remark 5.2. Wt are using the notion of distributional convolution. Given Schwartz functions f 
and g, the convolution coincides with multiplication at the Fourier side, that is, f * g(^x) = (/ • gY- 
Given a tempered distribution W, a function f e S and x e the tempered distribution W * f is 
defined as 

(W * f,g) := {{W ■ fY, g) = (W, f-g) = (W,f-*g) for every geS. 


Note that /_ * g(x) = J f{—y)g{x — y) dy, so in case supp(/) n supp((;) = 0 then f- * g = 0 in a 
neighborhood of 0 and, therefore, the integral in (5.3) is absolutely convergent by Q. 

In any case, the distribution W * f is regular (i.e., it can be expressed as an function) and 
it coincides with the C® function W * f{x) = (W,Txf-'), where Txf-{y) = f-{y — x) (see \SW71\ 
Ghapter I, Theorem 3.13]). 

There are some cancellation conditions that one can impose to a kernel satisfying the size 
condition (5.1) to grant that it can be extended to a convolution with a tempered distribution. 
For instance, if K satisfies (5.11 and Wk is a principal value operator in the sense that 

e 5, (5.4) 


(Wk,<Y)= .1™ K{x)(p{x)dx for all I 


for a certain sequence 6j \ 0, then Wk satisfies (5.3) (see [GraOSl Section 4.3.2]). 


Definition 5.3. We say that an operator T:S 
of order a e (0,1] with kernel K if 


S' is a convolution Calderon-Zygmund operator 


1. K is an admissible convolution Galder on-Zygmund kernel of order a which can be extended 
to a convolution with a tempered distribution Wk, 

2. T satisfies that Tf = Wk * / for all f e S and 

3. T extends to an operator bounded in . 


Remark 5.4. Using the Calderon-Zygmund decomposition one can see that T is also bounded 
on LP for 1 < p < ao (see jGraOtA proof of Theorem 4-3.3]). Thus, the Fourier transform of a 
convolution Calderon-Zygmund operator T is a Fourier multiplier for L^. We refer the reader to 
\ Tri83l Section 2.6]. 

These operators are bounded in LP(w) for every w e Ap (see \Duo01\. Definition 5.11 and 
Theorem 7.11], for instance). Now, ]F,J9(K Theorem 10.17 combined with Section 12] grants that 
they are Fourier multipliers for Fp ^ for every pair 1 < p,q < co as well. 

Therefore, such an operator is always a Fourier multiplier for F]] ^. But being a Fourier mul¬ 
tiplier for Fp ^ implies being a Fourier multiplier also for F^ ^ for every s (see f TriSA Section 
2 . 6 ]). 

It is a well-known fact that the Schwartz class is dense in for 1 ^ p < cx). Thus, if f e 
and X ^ supp(/), then 

Tfix) = j K{x - y)f{y)dy. (5.5) 

To prove Theorem |1.1| we need the following lemma which says that it is equivalent to bound 
the transform of a function and its approximation by constants on Whitney cubes. 

To do so, we define the fractional derivative. 
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Definition 5.5. Given a uniform domain £7 with Whitney covering W and f e LP(Q) for certain 
values 0 < s < 1 and 1 < q < oo, the s-th fractional gradient of index q of f in a point x e Q e W 
is 

\f{x) - /(2/)|« 




sh(Q) \x-y\^‘>+‘^ 


Then, by Corollary 


3.11 


V^/(x):= 

and Lemma 


•dy 


4 ..I: for 1 < p < CO with ^ ^ < s, we have that 


?•' iiLP(n)’ 


(5.6) 


The following result is the key to Theorem 1.1. Recall that Tfi{f) = Xo.T{xa f). Note that 
XQ. is not in if LI is unbounded. However, V®Tol(a:) can be defined for x,y e LI using a bump 
function ipxyj compactly supported in Ll with value 1 in an open set containing both of them 

Txn{x) -Txniy) := Tipxy{x) - T(pxy{y) + f {{1 - (pxy{w)){K{x - w) - K{y - w)) dm{w), (5.7) 

Jn 

which is well defined by (5.2) and does not depend on the particular choice of g>xy 

Key Lemma 5.6. Let Ll be a uniform domain with Whitney covering W, let T be a convolution 
Calder on-Zygmund operator of order 0<s<l,l<p<co and 1 < q < co with s > ^ ~ Tde 
following statements are equivalent: 


i) For every f G Fp^^{Ll) one has 


\\Tafl 


^C'll/ll 


with C independent from f. 
a) For every f G Fp^^{Ll) one has 


2 i/ori|v-Tx„ir„„, < cii/ir, 

QeW 


with C independent from f. 
Moreover, 


E I|VJT„(/ - < (Cx + l|T||p._^p. _ + |r|„^„ + ||r||„_„)" i/r,. 


QeW 


in)- 


(5.8) 


Proof. Let Ll be an e-uniform domain. The core of the proof is showing that (5.8) holds. Once 
this is settled, since we have that 


QeW 


^ < 
Lv{Q) 


2 i|V^Tn(/-/Q)|| 


QeW 


P 

LPiQ) 


+ E l/Qr||V^ral|| 

QeW 


P 

LP(Q)’ 


and 


E l/QrlVjTnir^ <, E l|V^r„(/5-/)!"„ + E l|V‘T„/ 


QeW 

inequality ( |5.8| ) proves that 

IIP 


QeW 


QeW 


IIP 


I] WKTnfW 

QeW 


LPiQ) ^ 


< 


E l/Ql1|V^7hl| 

QeW 


LPiQ) 


< 


ll/llf= (n)- 
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On the other hand, by assumption T is bounded on and we have that ||Th/||^p(f 2 ) < ||/||iP(o)- 
Since ||Tn/||* 




||Th/|liP( 0 ) + in |V®Tn/(a;)|P(ix by (|5.6|), the lemma follows. 


Again we use duality. That is, to prove (5.81 it suffices to prove that given a positive function 


g e LP {L’l (O)) with ||3|lip'(Lg'(o)) = 1, we have that 


Y- r r |ra(/-/Q)(x)-ra(/-/Q)(2/)| , 

>, -^--TiJ- g{x,y)dydx<\f\p, ,^y 

oJQJShiQ) > 


y\ 


Given a cube Q e W, we can define a bump function (pq such that xgQ ^ ^ X7Q 

||Vy)Q||j^o 3 ^ C£{Q)~^. Given a cube S c 5Q we define pqs ■= pq- Otherwise, take tpqs ■= ps- 

Note that in both situations, by (2.1) we have that supp^jQs cz 235'. Then, we can express the 
difference between rn(/ — fq) evaluated at x e Q and in y e 5 as 

Taif - fQ){x) - Taif - fq){y) = Tq [(/ - fq) pq] (i) - Tq [(/ - fq) pqs] (y) (5.9) 

+ Tn [(/ - fq) (1 - pq)] (x) - Tq [(/ - fq) (1 - t^gs)] (y), 

where all the terms must be understood in the sense of (|5.7l). Note that the first two terms in 


the right-hand side of (5.9) are ‘local’ terms in the sense that the functions to which we apply the 
operator Tq are supported in a small neighborhood of the point of evaluation (and are globally 
Fp g, as we will check later on) and the other two terms are ‘non-local’. What we will prove is that 
the local part 


-Sj S J 

Q •'Q SeSUiQ)-'^ 


\Tn [(/ - /q) <Pq] (a:) - Tq [(/ - fq) pqs] {y)\ 
\x - 


9 ix,y) dydx, 


and the non-local part 


_ ,, 

Q SeSH(Q) 




are both bounded as 


[(/ - fq) (1 - .pg)] (x) - To [(/ - fq) (1 - y^gg)] (;/)| 

\x-yri 


1 + iI s; C'II/IIf= rn)- 


g{x,y) dydx, 


(5.10) 


We begin by the local part, that is, we want to prove that ^ ||/|If» (q)- Note that for x G Q 
and y e S e SH((5), if j/ g 3(5 then pqs = pq and, otherwise |x — j/| « £{Q). Thus, 


^IqIsq 


1^" [(/ - Iq) Vq\ (a;) -T[{f - fq) pq] {y) \ 


\x - 

\T [U - fo) ‘Pq] (a:) I 


9{x,y) dydx 


(5.11) 


g JQ JSh(Q) 

vf 




9 {x,y) dydx 




Q •^‘3 SeSH(Q) ■^'5 


\T[if-fq)pqs] (2/)| 


9 {x, y) dydx =: [Oj + + 


Of course, by Holder’s inequality we have that 

\T [(/ - fq) pq] (x) -T[{f- fq) pq] (y)|« 


B'sHf (J 

g JQ \J3Q 


\X - 


dy] dx\\g\\l^,^p^^,^^^y 
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By Corollary |3.11 we get 


Q 


p 

(«'*)■ 


Now, the operator T is bounded on ^ by assumption (see Definition 5.3 and Remark 5.4). Thus, 

Q 


Consider the characterization of the Fp^-norm given in Corollary 3.5 Since tpg ^ X7Qj the first 
term ||(/ — /g) </5g|lip(]i{d) is bounded by a constant times \\f\\i^p by the finite overlapping of 
the Whitney cubes and the Jensen inequality, and the second is 




\{f{x) - /g) (Pq{x) - {f{y) - fq) (/?g(y)|‘^ 


\X - 

where the integrand vanishes if both x,y ^ 8Q. Therefore, we can write 

\ifix) - fQ)ipQix) - {f{y) - /g)</ 3 g(?/)r 


dy ) dx 


dy ) dx, 


ra’^ii/iiF.+Ef (f 

Q JsQ \»-'8 

(i? 


8Q \J8Q k - 

\{f{y) - fQ)v>Q{y)\'^ 

“JH‘i\8Q V47Q lx — 2/1*9+'^ 


dy ) dx 


(5.12) 


y f 


7 

, Ji 


lifjx) - fQ)‘PQ{x)\'‘ 


Q JtQ \jR-i\8Q 1^^ ~ y|s9+d 


dy] dx =: II f L. + ITXTII + |fTX^I + IfTXSil 


where the constant depends linearly on the operator norm ||T||^ 


Adding and subtracting (/(x) — /g) y>g(?/) in the numerator of the integral in |ll.l.lll we get 


that 


DsS| (J 

Q JsQ \JSQ 


Ifjx) - /gT \^q{x) - y}Q{y)\'^ 
\x - yY^+<^ 

l/(^)-/(y)r 


dy ) dx 


I^IgUsQ \x-y\^'^+'^ 


dy ) dx. 


The second term is bounded by a constant times ||/||y so 


DsSf (J 

/~i *JSQ \*JS 


l|V(/Jg|iy |x- yl? 


^JsqVJsq \x-yY<i+<^ 


dy] |/(x) - /gl^ dx+ ll/ll 




Using ||V(/3g||^oo < and the local inequality for the maximal operator (2.11) we get that 


DsH f„ dx + i/ij , 


g JsQ 


t{QV 
'L \f{x) - /(6I dC 


(5.13) 


^\Q) 


s-\-d 


dx+ ll/liy (n)- 
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1 

By Jensen’s inequality \f{x) - /(C)| d/ < \f{x) - /(C)|'^ " and, therefore, 

D^ll/ll^= (H)- (5-14) 


Now we undertake the task of bounding |I1.1.2I| in (5.12). Writing xq for the center of a given 
cube Q, we have that 


ILTM < 




dx 


Q Jm‘‘\8Q \x - 0 VJ7Q 


f 1/(2 /)-/qI^ 

ho 


dy 


Since s > ^ | we have that sp + y > d. Thus, by (2.12) 




Q ^{Qy 


f \fiy) - fo? dy] s^E 
ho J Q 


(I 7 Q (IqI/( 2 /)-/(^)I ^2/) 

t{Qr 


\sp+!^-d+dp 


By Minkowski’s inequality we have that 


D^E 

Q 


i \ P 


Iq (I 7 Q 1 /( 2 /) -/(/)!" dy)" dC 


and by Holder’s inequality, using that p — 1 = ^ we get that 


D^E 

Q 


(^ 7 Q l/(d) - /(/)l'^ dy) " d^i{Q) y 




< 


V r 


I 


1 /( 2 /) - fioy dy\ 


^jQ\hQ l2/-eh«+‘' 


d^ 


and 


tSM ^ WfWp-in)- 


(5.15) 


Dealing with the last term in (5.12) is somewhat easier. Note that by (|2.12|) we have that 

1 


D=sEf i/(*)-/Qr[f 

Q J7Q \JM‘^\8Q 


\X - 


dp dx ^ 


yf l/(^)-/Qr 
^ho 


dx 


and, since this quantity is bounded by the right-hand side of (5.13), it follows that 

IIP 


ll/llf= (n)- 


Summing up, by (|5.12|), (|5.14|), (|5.15|) and (5.16) we get 

^ ll^’llp’s ll/llj’= (n)' 

p.Q p.n p.q^ > 


(5.16) 


(5.17) 


Back to (5.11), it remains to bound |ll.2ll and |ll.3ll . Recall that 

Q Jq £101+9 Jshro) 
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Writing G{x) = \\g{x, •)llL<i'(a) and using Holder’s inequality we get 

f 9 {x,y)dyii(\ g{x,yy dy] \Sh{Q)\^ <p^^d G{x)£{Q)'^, 
Jsh(Q) \ JSh(Q) / 


and using again Holder’s inequality it follows that 


< 




kq^Q 


Of course, ^ 1. Now, by Definition 

that 


i{QYP ^ 

we can use the boundedness of T in to find 


5.3 


^ 117^11 


LP—^LP 


mF^ ) 


< 


11/ /qIIz,p(7Q) 
V Q 




sp 


and we can argue again as in (5.13) to prove that 

|Hp 2|| S: Ill’ll lp^Lp ll/ll 

Finally, for the last term in ( |5.11[ ), that is, for 

y r y r 1^ [(/ ~ Iq) y’Qs] (l/)l 

i{Qy+i 


(5.18) 


gix,y) dy dx, 


Q SeSMiQ) 

by Holder’s inequality we have that 


< 


2 I 


Q ‘^'5 ySeSH(Q)-^'S 
The boundedness of T in L‘^ leads to 


\T [(/ -/q) t/?Qs] iy)\‘‘ 

£(g)s9+d 


dy G{x) dx. 


^ mi 


1 

Q \SeSH(Q) ■^’*"PP(V’<3S) 


Given a cube Q, the finite overlapping of the family {bOS'lseW (see Definition 2.1) implies the 
finite overlapping of the supports of the family {<PQs} (recall that supp((/3Qs) c 235'), so there is 
a certain ratio ps such that naming Sh^((5) := Shp 3 (Q) we have that 


< 


< 


Ifn? Jd^d 1 inf mg 

sh3(Q) 7 Q 




? ( ish^fO) ( io 


^P 3 V 
|9 


JhntMG. 

^ \JshHQ) \Jq J J Q 


Finally, using Minkowski’s inequality and Holder’s inequality we get that 


< 


V r 


Q ‘^'3 


'I 

, as 


l/(y)-/(e)l^ 


Q \Jsh 3 (Q) ^(Q)®'?+‘^ 


dy\ MG{y)di 


< 




|x-2/|39+^ 


dy d^ 
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that is, 


n ~ w'^WLi^LiWfWp^^^in)- 

Now, by (5.11), (5.17), ( |5.18 ) and (5.19) we have that 




+ 117^11 


Lp—,Lp 


+ Ill’ll 




ll/ll 




(5.19) 


(5.20) 


and we have finished with the local part. 

Now we bound the non-local part in (5.10). Consider x e Q e W. By (5.5) (and ( |5.7[ ) for 
unbounded domains), since x is not in the support of (/ — /g) (1 — </9 q), we have that 

Tn [(/ - /g) (1 - (/?q)] (a;) = f K{x - z) (/(z) - /g) (1 - (pg(z)) dm{z), 

Jn 

and by the same token for y e S e SH((3) 

Tn [if - /g) (1 - ((Sgs)] iv) = f K{y - z) (/(z) - /g) (1 - ^Qsiz)) dmiz). 

Jn 

To shorten the notation, we will write 

Ags(^i,^:2) = Kizi - Z 2 ) (/(Z 2 ) - /g) (1 - (pQsiz2)) , 
for zi ^ Z 2 . Then we have that 


Tn [if - fq) (1 - 7>q)] (a^) - Tn [(/ - fq) (1 - v^gs)] iv) 


(Agg(x, z) - \qsiy, z)) dmiz) 
Jn 


that is. 


q ay S€SH(g) a* 


. 2 „,I 


IL (Agg(a^, z) - Aqsid, z)) dz\ 
\x-y\^+l 


gix,y)dydx. 


For p 4 big enough, Sh4(Q) := Shp^iQ) id Us6SH(g) ^HS) (call SH4(Q) := SHp,(Q)), we can 


decompose 



I 2 1 

Q 

ay Sc:Sh(g)\ 2 ga‘- 


,2 J. 


q ay sc=sh(g)\2ga'i 


W(g) “ ^Qs(j/,^)| dz 

' \x-yr^ 

Wh^g) |Ayy(a;,2) - Xqsiy,z)\ dz 


S| I “ 

g Jq dsy 


\x - y\ 

L |Agg(a;,^) - Agg(?/,z)| dz 


9 ix,y)dydx (5.21) 

gix,y)dydx 


\x-y\‘ 


gix, y) dydx =: Bl + |[B]| -f 


In the first term in the right-hand side of (5.21) the variable z is ‘close’ to either x or y, so 
smoothness does not help. Thus, we will take absolute values, giving rise to two terms separating 
Agg and Xqs- That is, we use that 



L 2 J. 

Q 

ay Sc=Sh(g)\ 2 ga‘- 


W(g) (|AQQ(a;,z:)| + |Ags(?/,z)|) dz 

\x-yr-^ 


9ix,y) dydx. 
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Using the size condition (5.1), 


|AQQ(a:,z)| ^ - ^q{z)\ 


X — Z ‘ 


and 


\>^Qs{y,z)\ ^ -|M|1 _ (pQg[z)\. 


Summing up, 

SL 2 IJ. 


.1 


\y- z. 

\fiz)- fQ\\l-ipQiz)\dz 


Q Jsh(Q)\2Q Jsh*(Q) \x - yl '"'''1 \x - z\‘^ 

\f{z) - /qI |1 - V?QsWI dz 


Q dQ sc=sh(Q)\2Q ds JshUQ) \x - y|®+ 0 \y - z\<i 

with constants depending linearly on the Calderon-Zygmund constant Ck- 
We begin by the shorter part, that is 

\f{z) - fQ\\l-ipQ{z)\dz 


g{x,y)dydx (5.22) 

9{x,y) dydx =: |[M]| + | 


=V r r 

Q Jq Jsh(Q)\2Q Jsh'‘(Q) \x - J/|®+ 9 |x - z|^ 


i. 


9 {x,y) dydx. 


Using the fact that 1 — = 0 when z is close to the cube Q, we can say that 


< 


f I/W-/qI f f 

^ Jshf^(Q)\(iQ JqJs 


Q JSh(Q)\2Q 


Q JshHQ)\6Q 

Now, by the Holder inequality we have that 

g{x,y) dy <p^^d G(x)^(Q)l 


g{x, y) dy dx dz. 


I 


Sh(Q)\2Q 


where G{x) = \g{x,-)\j^^i. Thus, 


< 


Q JSh‘*(Q) JQ JQ Js] 


\li^)-JMMG{Odzd^. 


)Q Q JQJsh-i(Q) (-{QY 

Finally, by Jensen’s inequality and the boundedness of the maximal operator in we have that 

\f{z)-fm -rlr 




QJsh'‘(Q) ^{.QY^'^ 


s E L L,« 


< 


Q Jq \JshTQ) 

l/W-/( 6 r 


j„a 


aVJa \z-Qi+‘^ 


dz] dC I|MG||^,., 


that is, 


^ ll/ll 




(5.24) 


The second term in (5.22) is the most delicate one. Given cubes Q, S and P and points y G S 

e, we can wri 

g{x,y) dydx 


and z e P with 1 — ipQs{z) 7 ^ 0, we have that \z — y\ ^ 0(5, P). Therefore, we can write 

1 /( 2 :) - /qI |1 - 9^Qs{z)\ dz 




Q dQ ScSh(Q)\2Q ds JshTQ) \x-y\" Yy-z\ 


< 


Ifjz) - fql dz 

Q ‘^‘3 SeSH(Q) P€SH'‘(Q) jp nQr*‘D{s,pr 


Ef E J E J 

D Cz^GU/'/n\ S D^cTj4/in\ Ji 


g{x,y) dy dx. 
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Next, we change the focus on the sum. Consider an admissible chain con necting two given 
cubes S and P both in SH^((5). Then D(S', P) as £{Sp). Of course, using (2.4) and the fact that 
S and P are in SH"‘((5) we get 

D(Q, Sp) < D(Q, S) + D(,5, Sp) « D(Q, S) + D(5, P) < 2D(Q, S) + D(Q, P) < £{Q) 

and, therefore, the cube Sp is contained in some SHp^, (Q) for a certain constant ps depending on 
d and e. For short, we write L := Sp e SH®((5) and Sh®(Q) := Shpj.((5)- Then 


< 


sL 2 : 2 I i: J, 




Ifjz) - fgl dz 

Q ‘^'3 L€Sh5(Q) SeSH(L)‘^•5 PeSH(L) £{Qy ~''1 £{Ly 
1 


gix,y) dydx 


f Z1 f l/W “f gix,y)dydx. 

rz^G-H-5/«o\‘^Sh(L) V / JSh(L) 


(5.25) 


Q £iQy ’ LeSH5(Q) 

If we write gx{y) = g{x,y), we have that for any cube L the integral 

f g{x,y)dy ii£{LyiTiiMgx;. 

JSh(L) ^ 

Arguing as before, for pg big enough we have that if L e SH‘^{Q), then Sh(L) c Shpj,((5) =: 
Sh®((5) and therefore 

f \fiz)-fQ\dz= f \fiz) - fQ\xsh<^(Q)iz)dz < f M[{f - fQ)xsh<i(Q)]iOdy 

JSh(L) JSh(L) JL 


Back to (5.25) we have that 

E \ Myf - fQ)xshHQmMgAOd^dx 

Q £{Q) ’ dQ 

= f M[if-fQ)xshOiQ)mMgxiOd^dx 

Q ^(Q) +’ JQJshHQ) 

and, by Holder’s inequality and the boundedness of the maximal operator in L'J and L‘^ , we have 
that 


< 


<, 


1 


y 

Q£{Qy+"^ Jq \JshHQ) 
’ ? HQT+9 io (is: 


('ff M[if - fQ)xshHQMy da (\ Mgxia'da" dx 

JO \Jsh5('0'l / VJsh'ifO'l / 


\f{0-fQ\‘'d^ 


Sh=(Q) 

dx- 


Q £{Qy^‘> Jq \JshOiQ) 

Again, we write G{x) = \\g{x, OIIl?' Minkowski’s integral inequality we get that 


< 


y f f (f \m-m\ dcY dA ’ r G(.) 


dx 


< 


ig \LhHQ) 


ShO{Q) \JQ 

ifio-mi’^da MGiOdc 


32 

















Thus 


< 




(5.26) 


Back to ( 5.2l[ ), it remains to bound |H1 and [0. For the first one, 

^ r ^ r Ia\sh^(Q) I^Qq(2^> - ^Qsiy, z)\ dz 

Q dQ S^Sh(Q)\2QdS 


■- 2 /r 


9 ix,y) dydx, 


just note that ii x e Q, y e S e SH((5) and z ^ Sh"^((5) we have that y^ggiz) = ipgs{z) = 0 and, 
if p 4 is big enough, \x — z\ > 2\x — y\. Thus, we can use the smoothness condition (5.2), that is, 
\>'gg{x,z) - Xgs{y,z)\ ^ \K{x- z) - K{y- z)\ \f{z) - fg\ ^ Ck ■ 

In the last term in (5.21), 


S| J “ 

g ■JQJ5g 


L I^Qq(2^:^) - >^QQiy,z)\ dz 


\x-y\‘ 


9{x,y) dydx, 


we are integrating in the region where x e Q, y e 5Q and z ^ 6Q because otherwise 1 — <pg{z) 
would vanish. Also |x —z| > Cd\x — y\ and |x —z| \y — z\. Thus, we hav e ag ain th at |A qq(x, z) — 
^QQ(y>^)l \K{x- z) - K{y- z)\ |/(z) - fg\ < by (5.2) and (5.1) (one may 


use the last one when 2|x — y\ ^ \x — z\ > Cd\x — y\, that is |x — ?/| as |x — z 
Summing up. 


\y^^- 


< 


Ck 




l/W - fg\\x-y\"dz 
^ Jq Jsh(Q) Jn\6Q \x - y\''^^\x - z\<^+^ 


9 ix,y) dydx = : 


(5.27) 


with constants depending linearly on the Calderon-Zygmund constant Ck- Reordering, 

yJPg^dx. 


r r 

\fiz) - fg\dz r 

•J Q f2\6Q 

\x - z\'^+‘^ Jsh(Q) 


The last in tegra l above is easy to bound by the same techniques as before: Given x e Q e W, since 
^ < d, by (2.11), Holder’s Inequality and the boundedness of the maximal operator in L‘^ we have 
that 


I 


9ix,y)dy 
Sh(Q) |x-2/|9 


< 


Thus, 


£((3)'^ 9 inf ^ .^(Q) ^ f Mg^!^\\Mg-, 
Q JO 




x\\Li' G{x). 


g JQ p 

For every pair of cubes P,Qe W, there exists an admissible chain [P,Q] and, writing [P,Pg) for 


33 
































the subchain [P,Pq]\{Pq} and [Pq,Q) for [Pq,Q]\{Q}, we get 

d(p.<3)-« 


(5.28) 




? Lei^PQ) 


+ 


I/l-MdIW 


D(P,0)"- 


G{x) dx =: I^Xni + \\2X^\ + llOd^l . 


The first term in (5.28) can be bounded by reordering and using (2.10). Indeed, we have that 
l/(^) - f{0\d^ dz^ r G{x) dx 


E3J] s: 


?u. 


i{PY 




< 




\f{z)-m)\dmG{z)dz 


£(P) 


d-\-S 


and, by (5.23) we have that 




(5.29) 


For the second term in (5.28) note that given cubes L e [P, Pq] we have that D(P, Q) as D(L, Q) 
by (|2.6|) and P e Sh(L) by Definition |2.5[ Therefore, by (2.10) we have that 


IMM ^ 


< 


MGU 


1 


^ Yi{L,QY+s Jq 


r G{x)dx 2 YpY 

do P€SH(L) 

I/(6-/(C)|mg(c) 

L J5L ^{P) 


d+s 


and, again by (5.23), we have that 


m2M ^ ll/llp=,(n)- 


dCd^, 


(5.30) 


Finally, the last term of (5.28) can be bounded analogously: Given cubes L e [Pq, Q] we have 
that D(Q,P) as D(P,P) by (2.6), and 


f \m)-m\dcd^ 2 \ G{x)dxY, 

L YP) JlJsL QeSH(L)dQ 


£(PY 


^ D(P,LY+^ 

|/(a-/(C)|MG(C) 


£(P) 


d+s 


dCdC, 


and 


m3M ^ ll/llp^=,,(n)- 

Now, putting together (5.21), (5.22), ( 5.27| ) and (5.28) we have that 

n <c^ n++ i[oi]i + i^x^i + \\2x^\ . 


(5.31) 


and by ( |5.24[ ), ( |5.26| ), ( |5.29[ ), ( |5.30| ) and ( |5.31[ ) we have that 

HI ^ CkUWfs jny 


(5.32) 


with constants depending on e, s, p, q and d. Estimates (5.20) and (5.32) prove (5.8). 


□ 
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Proof of Theorem o Let f2 be a bounded £-uniform domain. Note that since s > ^ ^ we 
can use the Key Lemma [5^ that is, we have that Tq is bounded if and only if for every / e ,^(0) 
we have that 


QeW 


^ C\\f\\ 




(5.33) 


with C independent from /. Since sp > d, by Lemma |3.10| and Proposition |3.4| combined with the 
Sobolev Embedding Theorem, we have the continuous embedding Fp^^{Q) c L”. Therefore, given 
a cube Q we have that |/q| ^ ||/|licx.(o) ^ WfWp- (n) and (5.33) holds as long as Txn e □ 


To end, we make some observations. 


Remark 5.7. In the Key Lemma we have seen that 


QeW 


< 


+ \\T\\ps^^ps^ + ll/l 


p 

■Af, 




(5.34) 


Thus, for unbounded domains, we have a T1 theorem as welt Let 14 c be a uniform domain, T 
a convolution Calderon-Zygmund operator of order 0 < s < 1. Consider indices p,q ^ (IjOo) 

^ < s. Then the truncated operator Tq is bounded in ,^(14) if and only if 


V^Tol G f;,,(14) 


in the sense of {5.1). 


Remark 5.8. The Key Lemma is valid in a wider range of indices than Theorem o because 
in the second case we have the restriction of the Sobolev embedding. In the cases where the Key 
Lemma can be applied but not the theorem above, that is, when 


( d d] -id] 

max <0,->-<s< mm -{a, - > , 

[ P d) [ P) 


there is room to do some steps forward. 

In IPTlSi. Theorems 1.2 and 1.3], the authors consider the measures pp{x) = |V®ToP(x)|^ da; 
for polinomials P of degree smaller than the smoothness s e N (here the s-th gradient has its usual 
meaning). They conclude that if pp is a p-Carleson measure for every such P, that is, if 

r dist{x,dn)^^-P^^^-P'\pp{Sh{x) n Sh(a)))P'—^ Cpp{Sh{a)), 

Jsh(a) dist(x,dl4)^ 

then Tq is bounded in 1E'^’P(14), and, in case s = 1, the condition is necessary and sufficient. 

Some similar result can be found in the case maxjo, p ~ ^ minjcr, but is out of 

the scope of the present article. 

Furthermore, the restriction p ~ ^ < s comes from the intrinsic characterization that we use for 
the present article, which we think is the easier to handle in our proofs. However, there are other 
characterizations (see \Str67l or \TriOfA Section 1.11.9]) which cover all the range of indices. There 
is hope that this characterizations may be used to obtain a result analogous to the Key Lemma \5.6\ 
for a wider range. 

Remark 5.9. For 1 < p,q < co and 0 < s < we have that the multiplication by the characteristic 
functions of a half plane is bounded in Ff This implies that for domains 14 whose boundary 

consists on a finite number of polygonal boundaries, the pointwise multiplication with xn is also 
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bounded and, using characterizations by differences, this property can he seen to he stable under 
bi-Lipschitz changes of coordinates. Summing up, given any Lipschitz domain Q and any function 
f e Fp we have that 

Ilxn/Ili?» (Rd) ^ ll/ll 


Therefore, if s > 


and T is an operator bounded in F® , using the extension Ag : F® (il) 


(see Corollary 3.11), for every f e F® (51) we have that 


ll^n/llR's — ||T'(xn ■^o/)IIfs (o) ^ ll^(xn-^o/)lli7's ^ II'TIIr.s llxn ■^o/IIf'’ ~ ll^o/lliT's 

p,q\ / p,g\ / P>Q P)Q P)Q PiQ P>Q 

In particular, given a convolution Calder on-Zygmund operator T and a Lipschitz domain 51 we 
have that Tq is bounded in for any 0 < s < ff 
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